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Abstract

An eight!node rectangular membrane element with a central circular hole has been developed using
complex potentials to de_ne stress and strain functions[ This new element type can be combined with the
conventional elements\ e[g[\ isoparametric elements\ with no modi_cations required[ Two numerical examples
were employed to illustrate the superiority and versatility of the proposed element type[ The results obtained
using the said element type are closer to the theoretical results as compared with those obtained by similar
types of elements[ Þ 0888 Elsevier Science Ltd[ All rights reserved[
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0[ Introduction

There are many stress problems that require the determination of the stress distributions along
the free boundary of a circular hole in a plate subjected to applied loads[ The _nite element
technique has been commonly employed to solve such problems using the conventional elements[
However\ in order to obtain a reasonably accurate solution of stresses in the vicinity of the hole\
which is a stress concentration region\ a large number of elements are required to model this
region[ The problem is aggravated if one attempts to determine the stress distributions along the
free boundary of the hole with high degree of accuracy "Soh\ 0881#[ This weakness of the con!
ventional _nite element technique is due to the fact that\ in general\ the chosen element displacement
functions do not implicitly satisfy the conditions that prevail at a free boundary[ As a result\
calculations of the boundary stresses based on the element nodal displacements yield non!zero
values for the shear and normal stress components\ with a corresponding error in the tangential
stresses[ Soh "0887# has proposed special _nite elements to eliminate the said weakness of the
conventional _nite element technique[ However\ the number of elements required to model the
region surrounding the hole cannot be reduced with the employment of the special elements[ Soh
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and Long "0887# have proposed two new element types\ one is an eight!node rectangular element
with a central circular hole and the other is an eight!node circular element also with a hole\ to
eliminate the above!mentioned weakness using only one element for the region surrounding the
hole[ However\ the accuracy of these two element types can be further enhanced by careful selection
of the complex potentials employed to de_ne the stress and strain functions in the element[

In this paper\ a new element type will be developed using complex potentials[ Two numerical
examples will be employed to illustrate the superiority and versatility of the proposed element
type\ which can be used together with the conventional elements\ e[g[\ isoparametric elements\ with
no modi_cations required[

1[ Analysis

For a two!dimensional plate with a circular hole\ as shown in Fig[ 0\ the stress "s# and
displacement "u# _elds are most e}ectively expressed in terms of the complex potentials of Mus!
khelishvili "0843# as follows]

sxx¦syy � 1"c?"z#¦c?"z## "0#

syy−sxx¦1itxy � 1"z¹cý"z#¦x?"z## "1#

1m"ux¦iuy# � kc"z#−zc?"z#−x"z# "2#

Fx¦iFy � −iðc"z#¦zc?"z#¦x"z#ŁBA

� −iðc"zB#¦zBc?"zB#¦x"zB#−CAŁ "3#

where z � x¦iy\ c"z# and x"z# are holomorphic functions\ c?"z# � dc"z#:dz\ and the overbar
denotes complex conjugate^ k � 2−3n for plane strain and "2−n#:"0¦n# for plane stress^ m and n

are the shear modulus and Poisson|s ratio\ respectively\ of the material^ Fx and Fy are the x! and

Fig[ 0[ A two!dimensional plate with a circular hole subjected to prescribed loads[
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y!components of the resultant force acting on the boundary of the circular hole from point A to
B^ and CA is a complex constant at the datum point A[

Equations "0# and "1# can be expressed in terms of polar coordinates r and u as follows]

sr¦su � 1"c?"z#¦c?"z## "4#

su−sr¦1itru � 1 e1iu"z¹cý"z#¦x?"z## "5#

From eqns "4# and "5#\ we obtain

sr−itru � c?"z#¦c?"z#−e1iu"z¹cý"z#¦x?"z## "6#

The conditions to be satis_ed at the free boundary of the circular hole in a plate are

sr � tru � 9 "7#

Therefore\

c?"z9#¦c?"z9#−e1iu"z¹9cý"z9#¦x?"z9## � 9 "8#

where z9 � a eiu and a is the radius of the circular hole[
The two holomorphic functions c"z# and x"z# can be represented by the Laurent series of z as

follows]

c"z# � c9¦ s
jl

j�0

Ajz
j¦ s

kl

k�0

Bkz
−k

x"z# � x9¦ s
ml

m�0

Cmzm¦ s
nl

n�0

Dnz
−n

where >z> − a "09#

where jl\ kl\ ml and nl are the upper limits of the series^ Aj\ Bk\ Cm and Dn are complex coe.cients
with the forms Aj � A
j¦iA	j\ Bk � B
k¦iB	k\ Cm � C
m¦iC	m and Dn � D
n¦iD	n^ and A
j\ A	j\ B
k\ B	k\
C
m\ C	m\ D
n\ D	n are real numbers[

The terms c9 and x9 are rigid body translations which can be related by implementing the
conditions that Fx � Fy � 9 at the free boundary of the hole\ i[e[\

c"z9#¦z9c?"z9#¦x"z9#−CA � 9 "00#

Therefore\ c9¦x9 � 9[ Thus\ eqn "09# can be re!written as

c"z# � a9¦ s
jl

j�0

Ajz
j¦ s

kl

k�0

Bkz
−k

x"z# � −a¹9¦ s
ml

m�0

Cmzm¦ s
nl

n�0

Dnz
−n

where >z> − a "01#

1[0[ Formulation of an ei`ht!node rectan`ular element with a central circular hole

An eight!node rectangular membrane element with a circular hole is shown in Fig[ 1[ The nodal
displacements vector\ "d#e\ is de_ned as
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Fig[ 1[ An eight!node rectangular element with a circular hole[

"d#e � ""ux#0\"uy#0\"ux#1\"uy#1\ [ [ [ \"ux#7\"uy#7#T "02#

where "ux#i and "uy#i denote the x! and y!displacement components of node i\ respectively[
In order to express c"z# and x"z# in terms of "d#e\ the number of terms employed to de_ne these

functions\ as given by eqn "01#\ were chosen to be jl � 3\ kl � ml � 2 and nl � 4[ Substituting eqn
"01# into eqn "8#\ the following equations were obtained\

D
0 � −1a1A
0\ D	0 � 9

D1 � −a3AÞ1

2A2a
3¦BÞ0¦a1C0 � 9

AÞ2a
3−B0¦a−1D2 � 9

3A3a
5¦BÞ1¦a3C1 � 9

AÞ3a
5−1B1¦a−1D3 � 9

BÞ2¦a5C2 � 9

−2B2¦a−1D4 � 9

J

G

G

G

f

F

G

G

G

j

"03#

Substituting eqn "03# into eqn "01#\ we obtain

c"z# � a9¦ s
3

j�0

Ajz
j¦ð"a3A
2¦a−1D
2#¦i"−a3A	2¦a−1D	2#Łz−0

¦
0
1

ð"a5A
3¦a−1D
3#¦i"−a5A	3¦a−1D	3#Łz−1¦
0
2

a−1"D
4¦iD	4#z−2 "04a#
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x"z# � −a¹9¦ð−"3a1A
2¦a−3D
2#¦i"−3a1A	2¦a−3D	2#Łz

¦0
1
ð−"8a1A
3¦a−5D
3#¦i"−8a1A	3¦a−5D	3#Łz1

−0
2
a−7"D
4−iD	4#z2−1a1A
0z

−0−a3"A
1−iA	1#z−1¦D2z
−2¦D3z

−3¦D4z
−4 "04b#

Substituting eqns "04# into eqn "2#\ the displacement _eld in the element can be expressed in terms
of the independent coe.cients as follows]

"d# � 6
ux

uy7�
0
1m

ðVŁ"G# "05#

where

ðVŁ � $
Vx

Vy%
and

"G# � "a¼9\ a½9\ A
0\ A	0\ A
1\ A	1\ A
2\ A	2\ D
2\ D	2\ A
3\ A	3\ D
3\ D	3\ D
4\ D	4#T

The two sub!matrices\ ðVxŁ and 6Vy7 are given by

ðVxŁT �

K

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

k

k¦0
9

kr cos u−r cos u¦"1a1:r# cos u

−kr sin u−r sin u

kr1 cos 1u−1r1¦a3r−1 cos 1u

−kr1 sin 1u−a3r−1 sin 1u

kr2 cos 2u−2r2 cos u¦"a3k:r# cos u¦"a3:r# cos 2u¦3a1r cos u

−kr2 sin 2u¦2r2 sin u−"a3k:r# sin u−"a3:r# sin 2u−3a1r sin u

ka−1r−0 cos u¦a−1r−0 cos 2u¦a−3r cos u−r−2 cos 2u

ka−1r−0 sin u¦a−1r−0 sin 2u¦a−3r sin u−r−2 sin 2u

kr3 cos 3u¦"ka5r−1:1# cos 1u−3r3 cos 1u¦a5r−1 cos 3u¦"8a1r1:1# cos 1u

−kr3 sin 3u−"ka5r−1:1# sin 1u¦3r3 sin 1u−a5r−1 sin 3u−"8a1r1:1# sin 1u

"ka−1r−1:1# cos 1u¦a−1r−1 cos 3u¦"a−5r1:1# cos 1u−r−3 cos 3u

"ka−1r−1:1# sin 1u¦a−1r−1 sin 3u¦"a−5r1:1# sin 1u−r−3 sin 3u

"ka−1r−2:2# cos 2u¦a−1r−2 cos 4u¦"a−7r2:2# cos 2u−r−4 cos 4u

"ka−1r−2:2# sin 2u¦a−1r−2 sin 4u¦"a−7r2:2# sin 2u−r−4 sin 4u

L

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

l
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ðVyŁT �

K

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

k

9
k¦0

kr sin u−r sin u¦"1a1:r# sin u

kr cos u¦r cos u

kr1 sin 1u¦a3r−1 sin 1u

kr1 cos 1u¦1r1¦a3r−1 cos 1u

kr2 sin 2u¦2r2 sin u−"a3k:r# sin u¦"a3:r# sin 2u−3a1r sin u

kr2 cos 2u¦2r2 cos u−"a3k:r# cos u¦"a3:r# cos 2u−3a1r cos u

−ka−1r−0 sin u¦a−1r−0 sin 2u−a−3r sin u−r−2 sin 2u

ka−1r−0 cos u−a−1r−0 cos 2u¦a−3r cos u¦r−2 cos 2u

kr3 sin 3u−"ka5r−1:1# sin 1u¦3r3 sin 1u¦a5r−1 sin 3u−"8a1r1:1# sin 1u

kr3 cos 3u−"ka5r−1:1# cos 1u¦3r3 cos 1u¦a5r−1 cos 3u−"8a1r1:1# cos 1u

−"ka−1r−1:1# sin 1u¦a−1r−1 sin 3u−"a−5r1:1# sin 1u−r−3 sin 3u

"ka−1r−1:1# cos 1u−a−1r−1 cos 3u¦"a−5r1:1# cos 1u¦r−3 cos 3u

−"ka−1r−2:2# sin 2u¦a−1r−2 sin 4u−"a−7r2:2# sin 2u−r−4 sin 4u

"ka−1r−2:2# cos 2u−a−1r−2 cos 4u¦"a−7r2:2# cos 2u¦r−4 cos 4u

L

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

l

Substituting the nodal displacements at the eight!nodal points of the element into eqn "05#\ we
obtain

1m"d#e �

K

H

H

H

H

H

k

"Vx#0

"Vy#0

*

"Vx#7

"Vy#7

L

H

H

H

H

H

l

"G# � ðLŁ"G# "06#

where "L# is a coe.cient matrix consisting of products r and u[
Equation "06# can be expressed as

"G# � 1mðLŁ−0"d#e "07#

Note that the inverse of ðLŁ may not exist occasionally when the choice of jl\ kl\ ml and nl in eqn
"09# is varied[

Substituting eqn "07# into eqn "05#\ we obtain

"d# � ðVŁ ðLŁ−0"d#e � ðNŁ"d#e "08#

where ðNŁ � ðVŁ ðLŁ−0 is termed as the element shape function by analogy with the traditional _nite
element method[

By adopting the standard _nite element approach\ we obtain
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"o# � &
1ux:1x

1uy:1y

1ux:1y¦1uy:1x'� &
1Vx:1x

1Vy:1y

1Vx:1y¦1Vy:1x' ðLŁ−0"d#e � ðBŁ"d#e

where ðBŁ is the element strain displacement matrix[
The element sti}ness matrix is given by

ðKŁe � gvol

ðBŁTðDŁ ðBŁ d"vol# "19#

where ðDŁ is the element elasticity matrix[ This element is called WCH!R7!1[
Note that ðKŁe is evaluated by _rst dividing the domain of the element\ excluding the central

hole\ into N×N subdomains\ where N is a chosen integer[ The integration is then carried out by
summing the products of the centroidal value of ðBŁTðDŁ ðBŁ and d"vol# for the N×N subdomains[

Once all the nodal displacements are determined\ the nodal and boundary stresses of the element
can be easily calculated by employing the strainÐdisplacement equations and stressÐstrain relations[

2[ Numerical examples

2[0[ Thick!walled cylinder subjected to uniform pressure

Consider a thick!walled cylinder subjected to uniform pressure on the outer surface\ as shown
in Fig[ 2"a#[ A _nite element model\ which consists of 0 eight!node rectangular element with a
circular hole and 19 eight!node isoparametric elements\ as shown in Fig[ 2"b#\ was devised for
analyzing the said problem[ Five analyses were performed using the model devised\ by varying the
ratio of the diameter of the hole to the side length of the proposed rectangular element[ The
normalized hoop stresses\ −su:p\ obtained along the free boundary of the circular hole are
presented in Table 0[ It is obvious that the results obtained using the proposed element are in
extremely good agreement with the theoretical results "Xu\ 0881#[ Moreover\ the discrepancies
between these two sets of results are smaller as compared with the corresponding discrepancies
between the theoretical results and those obtained by Soh and Long "0887# using a similar
rectangular element\ called WCH!R7!0[

2[1[ Square plate with a circular hole subjected to prescribed loads

Figures 3"a# and "b# show a square plate with a small central circular hole subjected to two
di}erent load cases[ The domain of the square plate with a circular hole is discretized into 14
elements\ for which one is the proposed element and the rest are eight!node isoparametric elements\
as shown in Fig[ 4[ Similar to the _rst example\ _ve analyses were performed using the model
devised for each of the load cases considered[ These _ve analyses were carried out by varying the
ratio of the diameter of the hole to the side length of the proposed rectangular element[ The
normalized hoop stresses\ su:s9\ obtained along the free boundary of the circular hole are presented
in Table 1 for the load case in which the plate is subjected to uniform tensile stress\ s9\ in both the
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Fig[ 2[ "a# A thick!walled cylinder subjected to uniform pressure on the outer surface[ "b# One eight!node rectangular
element with a circular hole and 19 eight!node isoparametric elements[

x! and y!directions[ The corresponding stresses are presented in Table 2 for the load case in which
the plate is subjected to uniform tensile stress\ s9\ in the x!direction[

In both load cases "refer to Tables 1 and 2#\ the results obtained using the proposed rectangular
element\ i[e[\ WCH!R7!1\ are again superior to those obtained by Soh and Long "0887# using a
similar rectangular element\ i[e[\ WCH!R7!0\ as compared with the theoretical results "Xu\ 0881#[
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Table 0
Normalized stress "−su:p# at the bore of a thick!walled cylinder subjected to a uniform pressure on the outer surface

Normalized stress −su:p

a:b� 9[4 9[3 9[2 9[1 9[0
1a:d$ 9[14 9[19 9[04 9[09 9[94

u ">#
WCH! WCH! WCH! WCH! WCH! WCH! WCH! WCH! WCH! WCH!
R7!0 R7!1 R7!0 R7!1 R7!0 R7!1 R7!0 R7!1 R7!0 R7!1

9 1[0886 1[0601 1[0108 1[0988 1[9560 1[9598 1[9171 1[9143 1[9961 1[9955
04 1[0816 1[0573 1[0084 1[0960 1[9553 1[9487 1[9170 1[9140 1[9961 1[9955
29 1[0677 1[0518 1[0036 1[0904 1[9549 1[9463 1[9167 1[9135 1[9961 1[9955
34 1[0607 1[0590 1[0011 1[9876 1[9553 1[9451 1[9166 1[9132 1[9961 1[9954
59 1[0677 1[0518 1[0036 1[0904 1[9549 1[9463 1[9167 1[9135 1[9961 1[9955
64 1[0816 1[0573 1[0084 1[0960 1[9553 1[9487 1[9170 1[9140 1[9961 1[9955
89 1[0886 1[0601 1[0108 1[0988 1[9560 1[9598 1[9171 1[9143 1[9961 1[9955

Theoretical 1[0222 1[9722 1[9359 1[9191 1[9949
solution

� a � the radius of the circular hole ^ b � half the side length of WCH!R7!0 and WCH!R7!1 elements[
$ d � the outer diameter of the thick!walled cylinder[

The only exception occurs in the second load case at u � 9> for a:b � 9[3 and 9[4\ in which the
reverse is true[ However\ it is a fair claim that the results obtained by the proposed element are in
extremely good agreement with the theoretical results for both load cases\ and the proposed
element is superior to WCH!R7!0[

3[ Conclusions

A high precision eight!node rectangular element with a central circular hole has been developed[
The superiority and versatility of the proposed element type has been illustrated using two numeri!
cal examples[ The results obtained by this element type are in extremely good agreement with the
theoretical solutions and superior to the corresponding results obtained by Soh and Long "0887#
using similar types of elements[ The improvement in accuracy achieved by the proposed element
type is due to careful selection of the complex potentials employed to de_ne the stress and strain
functions in the element[ Note that although the proposed element is a rectangular element\ it can
be used together with the conventional elements\ e[g[\ isoparametric elements\ to calculate stresses
around a hole which has its centre away from that of the structure analysed[ Moreover\ the
proposed element can be made non!rectangular by making slight modi_cation to the element
formulation[
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Fig[ 3[ "a# A square plate with a small central circular hole subjected to tensile stress in the x! and y!directions[ "b# A
square plate with a small central circular hole subjected to tensile stress in the x!direction[
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Fig[ 4[ Mesh of the square plate with a small central circular hole[

Table 1
Normalized stresses\ su:s9\ at the hole in a square plate subjected to uniform tensile stress in the x! and y!directions

Normalized stress su:s9

a:b� 9[4 9[3 9[2 9[1 9[0

"w$ � 11b# WCH! WCH! WCH! WCH! WCH! WCH! WCH! WCH! WCH! WCH!
u "># R7!0 R7!1 R7!0 R7!1 R7!0 R7!1 R7!0 R7!1 R7!0 R7!1

9 0[8668 1[9095 0[8554 1[9969 0[8483 1[9926 0[8421 1[9995 0[8496 1[9993
04 0[8615 1[9956 0[8534 1[9934 0[8477 1[9916 0[8420 1[9993 0[8496 1[9993
29 0[8508 0[8877 0[8595 0[8885 0[8464 1[9997 0[8417 0[8888 0[8495 1[9992
34 0[8450 0[8834 0[8473 0[8858 0[8456 0[8886 0[8414 0[8885 0[8495 1[9992
59 0[8596 0[8868 0[8487 0[8878 0[8469 1[9993 0[8414 0[8886 0[8495 1[9992
64 0[8694 1[9940 0[8520 1[9923 0[8468 1[9919 0[8416 1[9999 0[8496 1[9992
89 0[8643 1[9974 0[8537 1[9944 0[8474 1[9917 0[8418 1[9991 0[8497 1[9992

Theoretical 1[9999
solution

� a � the radius of the circular hole ^ b � half the side length of WCH!R7!0 and WCH!R7!1 elements[
$ w � plate width[
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Table 2
Normalized stresses\ su:s9\ at the hole in a square plate subjected to uniform tensile stress in the x!direction

Normalized stress su:s9

") discrepancy#

u "># 9 34 59 89

a:b� � 9[4 "w$ � 11b# WCH!R7!0 −9[8761 9[8672 0[8572 1[8519
"0[2# "−1[1# "−0[5# "−0[2#

WCH!R7!1 −9[8697 9[8863 0[8757 1[8675
"−1[8# "−9[2# "−9[6# "−9[6#

a:b� � 9[3 "w$ � 11b# WCH!R7!0 −0[9959 9[8682 0[8632 1[8693
"9[5# "−1[0# "−0[2# "−0[9#

WCH!R7!1 −9[8746 9[8874 0[8827 1[8897
"−0[3# "−9[1# "−9[2# "−9[2#

a:b� � 9[2 "w$ � 11b# WCH!R7!0 −0[9102 9[8673 0[8678 1[8685
"1[09# "−1[1# "−0[0# "−9[6#

WCH!R7!1 −9[8881 9[8887 1[9994 2[9907
"−9[0# "9[9# "9[9# "9[0#

a:b� � 9[1 "w$ � 11b# WCH!R7!0 −0[9156 9[8651 0[8667 1[8684
"1[6# "−1[3# "−0[0# "−9[6#

WCH!R7!1 −0[9929 9[8887 1[9903 2[9920
"9[2# "9[9# "9[0# "9[0#

a:b� � 9[0 "w$ � 11b# WCH!R7!0 −0[9166 9[8642 0[8657 1[8673
"1[7# "−1[4# "−0[1# "−9[6#

WCH!R7!1 −0[9917 0[9990 1[9905 2[9920
"9[2# "9[9# "9[0# "9[0#

Theoretical solution −0[9 0[9 1[9 2[9

� a � the radius of the circular hole ^ b � half the side length of WCH!R7!0 and WCH!R7!1 elements[
$ w � plate width[
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